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Abstract. The aim of this note is to prove that any compact almost Ricci solitons 
(M n , g, X, A) with constant scalar curvature is isometric to a Euclidean sphere § n . As 
a consequence we obtain that every compact almost Ricci soliton with constant scalar 
curvature is gradient. Moreover, the vector field X decomposes as the sum of a Killing 
vector field Y and the gradient of a suitable function. 
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1. Introduction and Statement of the results 

The study of an almost Ricci soliton was introduced in a recent paper due to Pigola et al. 
[8] , where essentially they modified the definition of Ricci solitons by adding the condition 
on the parameter A to be a variable function, more precisely, we say that a Riemannian 
manifold (M n , g) is an almost Ricci soliton, if there exist a complete vector field X and a 
smooth soliton function A : M" — ► R satisfying 
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where Rij and Xij + Xji stand, respectively, for the Ricci tensor and the Lie derivative of 
X in coordinates. We shall refer to this equation as the fundamental equation of an almost 
Ricci soliton (M n , g, X, A). It will be called expanding, steady or shrinking, respectively, if 
A < 0, A = or A > 0. Otherwise, it will be called indefinite. When the vector field X is 
a gradient of a smooth function / : M n — »■ R the manifold will be called a gradient almost 
Ricci soliton. In this case the preceding equation turns out 

(1.2) R ij + V 2 ij f = Xg ij , 

where Vf^/ stands for the Hessian of /. 

Moreover, when either the vector field X is trivial, or the potential / is constant, the 
almost Ricci soliton will be called trivial, otherwise it will be a nontrivial almost Ricci 
soliton. We notice that when n > 3 and X is a Killing vector field an almost Ricci soliton 
will be a Ricci soliton, since in this case we have an Einstein manifold, from which we can 
apply Schur's lemma to deduce that A is constant. Taking into account that the soliton 
function A is not necessarily constant, certainly comparison with soliton theory will be 
modified. In particular, the rigidity result contained in Theorem 1.3 of [5] indicates that 
almost Ricci solitons should reveal a reasonably broad generalization of the fruitful concept 
of classical soliton. In fact, we refer the reader to [5] to see some of these changes. 

In the direction to understand the geometry of almost Ricci soliton, Barros and Ribeiro 
Jr. proved in [2] that a compact gradient almost Ricci soliton with nontrivial conformal 
vector field is isometric to a Euclidean sphere. In the same paper they proved an integral 
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formula for compact case, which was used to prove several rigidity results, for more details 
see [2]. In [5], Catino proved that a locally conformally flat gradient almost Ricci soliton, 
around any regular point of /, is locally a warped product with (n — l)-dimensional fibers 
of constant sectional curvature. 

Example 1. In the compact case a simple example appeared in [2J. It was built over the 
standard sphere (S™, go) endowed with the conformal vector field X — a T , where a is a fixed 
vector in R n+1 and a 1 stands for its orthogonal projection over TS n . We notice that a T is 
the gradient of the right function h a ; for more details see the quoted paper. 

It is well-known that all compact 2-dimensional Ricci solitons are trivial, see [7]. However, 
the previous example gives that there exists a nontrivial compact 2-dimensional almost 
Ricci soliton. On the other hand, given a vector field X on a compact oriented Riemannian 
manifold M n the Hodge-de Rham decomposition theorem, see e.g. [TT] . gives that we may 
decompose X as a sum of a gradient of a function h and a free divergence vector field Y, 
i.e. 

(1.3) X = Vh + Y 1 

where divY — 0, see [2]. For simplicity let us call h the Hodge-de Rham potential. 

Now we present a generalization to integral formulae obtained in Theorem 4 of [5] for the 
gradient case. 

Theorem 1. Let (M™,g,A, A) be a compact almost Ricci soliton. If S and dV g stand for 
the scalar curvature and the Riemannian volume form of M n , respectively, then we have: 

(!) Jm l ffic " U 2dV 9 = ^ Jm< V5 > X ) dV 9 = -T^T Sm SdivXdV g . 
(2) Jm l ffic - rM 2dv 9 = isr Jm<VS, Wh)dV g . 

As a consequence of the previous theorem we deduce a strong characterization to any 
compact almost Ricci soliton with constant scalar curvature, where X is not necessarily the 
gradient of a potential function /. More precisely, we have the following corollary. 

Corollary 1. Let (M n ,g,X, \),n> 3, be a non trivial compact almost Ricci soliton. Then, 
M n is isometric to a Euclidean sphere S™ provided: 

(1) J M (VS,X)dV g = 0. 

(2) CxS — 0, where C denotes Lie derivative. 

(3) S is constant. 

(4) M n is homogeneous. 

We notice that all above conditions are equivalents. This result try to answers the 
following problem proposed in [8]: 

Problem 1. Under which conditions a compact almost Ricci soliton is necessarily gradient? 

As a consequence of Corollary [T] we have the following result which answers the previous 
problem for dimension bigger than two. 

Corollary 2. Every compact almost Ricci soliton with constant scalar curvature is gradient. 
Now we invoke Hodge-de Rham decomposition (jl.3|) to write 

(1-4) \ Cx9 = ^ 2h +\ C Y9- 

In order to answer positively to Problem [T] we may decide whether Y is a Killing vector 
field. An affirmative answer to this question is given below. 

Corollary 3. Let (M n ,g,X,X),n > 3, be a non trivial compact almost Ricci soliton. Then 
on the Hodge-de Rham decomposition Y is a Killing vector field on M n provided: 

(1) X is a conformal vector field. 

(2) M n has constant scalar curvature. 
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2. Preliminaries 

In this section we shall present some preliminaries which will be used during the paper. 
First we remember that for a Riemannian manifold (M n ,g) it is well-known the following 
lemma, see [6]. 

Lemma 1. Let (M n ,g) be a Riemannian manifold and X a vector field in M. Then 

(2.1) Xijk ~ Xikj = X t Rtijk 

(2.2) Xijkl — Xikjl = RtijkXtl + Rtijk,lXt 

(2.3) Xijki — Xijik — RukiXtj + RtjkiXu 

Another important proprieties concern to the Ricci tensor and are given below 

(2.4) Rij,k = Rji,k 

(2.5) Rij,k — Rik.j = —Rtijk.t 

(2.6) Rij,ki — Rij,ik = RukiRtj + RtjkiRu 

(2.7) ±S k = R kiti = R lk , 
Using the previous lemma we obtain the following result. 

Lemma 2. Let (M n ,g,X,X) be an almost Ricci soliton. Then, the following formulae hold: 

(2.8) S + Xu = nX 

(2.9) RijXi = -X jU -(n- 2)X j 

(2.10) Rij,k — Rikj = —-RujkXi + -^{XkAj — Xjik) + Xkgij — Xjgik 

Proof. In order to obtain (|2.8j) it is enough to contract equation (|l.ip . For equation (|2.9[) 
computing the trace of equation (|2.1[) in i and k we obtain 

Xiji — Xnj = RujiXi = RijX[. 

Next, using fundamental equation (II. ip we have 

Rij.i ~y(Xij i ~t~ Xja^ -(- Xigij 

2 ( Xij i Xiij ~\~ Xnj -(- Xjii) -(- Xigij 

= -^RijXi - -(Xiij + Xju) + Xtgij. 
Hence, using the twice contracted second Bianchi identity (|2.7[) we deduce 
-Sj = —-RijXi - -{Xuj + Xju) + Xig^, 



which enables us obtain equation (|2.9[) after comparing the previous expression with covari- 
ant derivative of (|2.8p . 

Proceeding, we shall derive equation (|2.10[) . Indeed, taking covariant derivative of (jl.ip 
we deduce 

Rij,k + 2 (Xijk + Xjik) = Xkgij 
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and 

Rik,j + 2^ ik i Xkij) = ^j9ik- 

Now we compare these previous expressions and we use equation (|2.1[) to obtain 

Rij,k ~ Rik.j = — 2^*J* ^J** _ -^ifcj — Xkij) + Afe<7ij — AjPjfc 

= —-^RujkXi + - {Xkij — Xjik) + Xkgij — ^jgik, 

which concludes the proof of the lemma. 

The next lemma is the main result of this section, it will be used to prove Theorem [TJ 
Lemma 3. For an almost Ricci soliton (M n ,g,X,\) we have 

(2.11) AxRik = 2\Rik — 2RijksRjs + ^Iiis(Xsk — Xks) + 2 Rsk{X s i — Xi s ) 

+ (n — l)Xik + A ,.,///.., — Kjgkj- 
Proof. Using equation (|2.10[) we obtain 

RkiJ ~ Rk S ,i = ^RlkjiXt + \{X jki X ikj ) + \,g,, - \ i9kj , 
taking the covariant derivative of the previous identity we have 

(2.12) Rkijt — Rkj,it = -^(RijkLtXi + RijkiXu) + -(Xjku — X ik j t ) + Xj t gki — \t9kj- 
On the other hand, from (12.61) we deduce 



Rjk,ij Rjk.ji ~t~ Rsjij Rsk RskijRjs 

(2.13) = Rjk.ji + RsiRsk + RskijRjs- 

Next, since ARik = Rikjj, comparing the previous expression with (|2.12[) we obtain 

(2.14) AR ik — Rjk.ij + ^{Rijki^Xi + RijkiXij) + -{Xjkij — Xikjj) + Xjjgu — Kjgkj- 
Moreover, by second Bianchi identity we have 

RijkijXi = —Rijij t kXi — Rijjk,iXi 
= —Ru.kXi + Rik,iXi. 

Comparing with (12.14)) and using equation (|2.13[) we have 

ARik = Rjkdj + ^{Rik,l — RiLk)Xi + -RijkiXij 

+ -j{Xj kl3 - Xikjj) + Xjjgki - \jgkj 

= Rjk.ji + RsiRsk + RskijRjs + -^{Rikd — Ril,k)Xl 

+ -^RijkiXij + ^(Xjkij — Xikjj) + ^jjgki ~ Xijgkj, 
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thus, using the twice contracted Bianchi identity given by (|2.7[) and we obtain 

ARik — ~Z$ki ~t~ RsiRsk Rskij Rj s ~^Rskij X s j 
1,„ „ 1 



+ -^{Rik,l — Ril,k)Xi + - (Xjkij — Xikjj) + \jj9ki — Kj9kj 

= \s kl + R 8i R 3k + RsMjRj. ~ R skij (-R sj + \g sj \x JS 

+ ^(Rik,l — Ril,k)Xi + - (Xjkij — Xikjj) + ^jj9ki — \j9kj 



\s ki + R sl Rsk + 2R 3kij R js + XR lk + \ 

1,„ „ v„ 1 



(2.15) + —{Rik,s — Ris,k)X s + -^{Xjkij — Xikjj) + Xjj9ki ~ Xijg k j. 

Next, we computate the following sum 

(2.16) Y = \s ki + R sk R Si - \R ls ,kX s + \x skls . 
First, taking the twice covariant derivative in (|2.8j) we obtain 

U --lx +-A 
comparing with ([2Tl6]l . (|2~2|) . (|2~3l) and (|2~5|) we have 

1 In 

= -(X sWs - X ssfcl ) + i? sfe i? sl - -i? is , fc X s + -A lfe 

1 1 //, 

2 (y-^-skis ~ -^sksi ~\~ -^sksi -^sski) H~ Rsk^si ~^Ris,kX s -\- ~\{k 

= \{Rt sls x tk + R tkis x st + R uks x ti + Rt.k.M 

1 n 
+ IUIL, - -R ls , k X s + -X lk 

= -^{RtiXtk + RtkisX s t + RfkXti) + —(Rsk,i — Rsi,k)X s 
Tl 

+ RskRsi + T^^ik 

1 In 
= -(R s <Xsk + RtkisX st + R sk X st ) - -R tski ,tX s + R sk R sl + -X lk 

11 In 

= R sl (R sk + -X sk ) + ~{R tkis X st + R sk X m ) - -R tskht X s + ^\k 

11 In 

= R si (-^X ka + Xg sk ) + -(R tkis X st + R sk X si ) -R tski ,tX s + -X lk 

1 1 1 1 n 

= -~R si X ks + XR lk + -R tkls X st + -R sk X sl -R tski ,tX s + -X ik . 

Substituting the previous expression in (|2.15|) we deduce 

AR lk = -\R si X ks + 2XR 4k + \R tk ^X st+ 1 -R sk X si 

~^Rtski,tX s H~ %tl>skij ***sj ~^RskijXj s -j- — Rik^ s X s 

1 Tl 

^2^-ikss ~\~ ^jjQki ~~ ^ijQkj ~^^ik- 
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Now from (|2T2|) and (|2T3|) we have 

Xikss -^-issk — X*i kss X{ sks Xi sks X^ ssk 

= RtiksXfs + Rtiks^sXt + Rtiks^ts + RtsksXit- 

On the other hand, taking the covariant derivative in (|2.9|) we have 

Xi SS k = —Ru,kXt — RuX tk — (n — 2)Aifc. 

Thus, 

Xikss = —Rti,kXt — RtiXfk + RtiksXfs + Rtiks,sXt + RtiksXfs + RtkXit — (fl — 2)Xi k . 

Finally, we may use the first Bianchi identity and (|2.5p to infer 



ARik — 2XRik — 2Rijk s Rjs ~ -^RsiXks + ~^RtkisX s t 

1111 

+ ^RskX si - -R tski ,tX s + -R skij X js + -R ik , s X s 

1 

- -{-Ru.kX t - R lt X tk + R tlks X ts + R tl ks,sX t + R uks X ts + R tk X it ) 
( n _ 2) n 

= 2XR ik — 2Rij ks Rj S — —R S iX ks + —RtkisX s t + —R s kX S i 

^Rtski,tX s 4~ ~Rskij X j s ~^Rik,sX s H~ ~^Ris ,kX s ~^RisX sk 
~ -^RtiksXts — -^Rtiks,sXt — —RtiksXts ~ -^R s kXi s 

+ (n- l)X ik + Xjjgki - Kjgkj 

= 2XRik — 2Rijk s Rjs + -^Ris(X s k — X ks ) + -^R s k{X S i — X is ) 

+ ^Rik, s X s + l -R lk , s X s - \R Usk , t X a - \R tski ,tX s 

+ RtkisX s t — RtiksXfs — -^Rtiks,sXt + (jl — l)Xi k + Xjjg k i — Xijg k j 

= 2\Rik — 2RijksRjs + Rik,sX s + -Ri s (X s k — Xks) + -^Rsk{X s i — Xi, 

+ R sklt X ts - R U ksXts - -Ru sk ,tX s - -R tski<t X s 

— -^Rtkis,tX s + (n — l)Xik + Xjj9ki — Kj9kj 

11 

= 2XRik — 2Rijk s Rjs + Rik,sX s + —Ris(X s k — Xks) + -^Rsk\X s i — X{. 

+ (n - l)X ik + Xjjg ki - Xijg kj , 
which finishes the proof of the lemma. 

3. Proof of the results 

3.1. Proof of Theorem [lj 

Proof. First of all we compute the trace of identity (|2.11|) to obtain 
(3.1) -AS - -CVS, X) = XS- \Ric\ 2 + (n - 1)AA. 
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Now, using that \Ric — ^g\ 2 = |ffic| 2 — we infer 

(3.2) l(AS - CVS,X)) = -\Ric - -g\ 2 + -(nX -S) + (n- 1)AA. 
2 n n 

On integrating identity (|3.2p and using the compactness of M™ we arrive at 

(3.3) f \Ric--g\ 2 dV g = \( {VS,X)dV g + - [ SdivXdV g . 
Jm n 2 J M n J M 

Now we recall that for any vector field Z on M" we have 

(3.4) div(SZ) = SdivZ + (VS, Z). 
Whence, we deduce 

(3.5) J \Ric - ^g\ 2 dV g = ^-^ J (VS, X)dV g = ~1 j SdtvXdV g , 

which finishes the first statement. Proceeding, we notice that using once more identity (|1.3|) 
we have from (|3.5[) J M \Ric — ^g\ 2 dV g = — j M SAhdV g , which completes the proof of 
the theorem. □ 

3.2. Proof of Corollary [Q 

Proof. We point out that any assumption of the corollary jointly with Theorem [T] give 
Ric = —g. Whence we obtain \Hx 9 = (A — ~)g, i.e., X is a nontrivial conformal vector 
field. Now we may apply Theorem 2 in [5] to conclude that M n is isometric to a Euclidean 
sphere, which finishes the proof of the corollary. □ 

3.3. Proof of Corollary [H 

Proof. First we notice that from Corollary Q] we may assume that M n is isometric to a 
Euclidean sphere S n . In particular, using (jl.Ij) we obtain 

(3.6) Ah = nX - n(n - I). 
Now we invoke identities (|3.2p and (|3.6p to obtain 

(3.7) A{h + X)=0, 

where X = V/i + Y according to (jl.3[) . Whence we have h = — X + c, where c is a constant. 
Using once more p.6[) we deduce 

(3.8) Ah + nh = n(c - (n— I)). 

Therefore, up to constant, h is a first eigenfunction of the Laplacian of §™. Consequently, Vh 
is a conformal vector field. Since X is also conformal in this case, we may invoke Hodge-de 
Rham decomposition to deduce that Y is a Killing vector field, which completes the proof 
of the corollary. □ 

3.4. Proof of Corollary [H 

Proof. When X is a conformal vector field it is well known that f M (VS,X)dV g = 0, see 
e.g. [3]. Hence, we deduce from Theorem Q] that Ric — —g. Thus we have that its scalar 
curvature is constant and the result follows from the last part of the proof of Corollary 
[5] The second assertion follows from the last argument and we complete the proof of the 
corollary. 

□ 
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